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Abstract
The Bagger-Lambert-Gustavsson theory is coupled to an off-shellD =
3, N = 8 conformal supergravity background. Local transformation laws
of the conformal supergravity multiplet are obtained from those of the
D = 4, N = 8 SO(8) gauged supergravity. The complete Lagrangian
and local transformation laws of the coupled theory are obtained. As an
application the supercurrent multiplet in a flat background is obtained.
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1. Introduction
The purpose of this paper is to study a coupling of the Bagger-Lambert-Gustavsson
(BLG) theory [1–3] to a conformal supergravity background. The BLG theory is a
three-dimensional field theory which was proposed to be related to a world-volume
theory of M2-branes. (For a review, see [4].) It is invariant under N = 8 super-
conformal transformations and is naturally coupled to D = 3, N = 8 conformal
supergravity.
Our main motivation for studying such a coupling comes from the AdS/CFT cor-
respondence [5]. In the AdS/CFT correspondence superstring/M-theory or its low
energy effective supergravity theory in (d+1)-dimensional anti de Sitter (AdS) space-
time times a compact manifold is dual to a conformal field theory on d-dimensional
boundary at infinity. Boundary values of the supergravity fields play a role of sources
for operators of the conformal field theory [6,7]. These boundary supergravity fields
at infinity form a d-dimensional conformal supergravity multiplet [8,9]. Local trans-
formations of the (d + 1)-dimensional supergravity induce local transformations of
the d-dimensional conformal supergravity on these fields [10–13]. A typical example
of the AdS/CFT correspondence is the correspondence between type IIB superstring
or supergravity on AdS5× S5 and D = 4, N = 4 super Yang-Mills theory. The latter
theory is invariant under N = 4 superconformal transformations and can be coupled
to D = 4, N = 4 conformal supergravity [14]. Similarly, the BLG theory, which is
supposed to be dual to M-theory on AdS4 × S7, can be coupled to D = 3, N = 8
conformal supergravity.
Apart from a relation to the AdS/CFT correspondence the coupling of the BLG
theory to a background conformal supergravity is useful when studying its field
theoretical properties. Conformal supergravity fields couple to operators in the
supercurrent multiplet of the BLG theory such as the energy-momentum tensor and
the supercurrents. One can use the conformal supergravity fields as sources to treat
these operators systematically. The coupled theory can be used also to obtain a
field theory with a rigid supersymmetry in a curved spacetime [15] by choosing a
background invariant under supertransformations.
A coupling of the BLG theory to D = 3, N = 8 conformal supergravity was
previously studied in [16,17]. The conformal supergravity multiplet considered there
in the component field formulation contains a dreibein, eight Rarita-Schwinger fields
and SO(8) gauge fields. Local symmetry transformation laws of these fields were
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obtained, and an invariant Lagrangian of the coupled theory was constructed. The
Lagrangian contains the kinetic terms of the conformal supergravity multiplet, and
commutators of local supertransformations close only when their field equations are
used. In this sense the conformal supergravity multiplet considered in [16, 17] is an
on-shell multiplet.
Since conformal supergravity we consider in this paper is a non-dynamical back-
ground, the commutator algebra of local transformations should close off-shell. Such
an off-shell D = 3, N = 8 conformal supergravity multiplet was discussed in the
superspace formulation in [18, 19, 17]. The off-shell multiplet contains scalar and
spinor fields in addition to the fields of the on-shell multiplet. Local supertrans-
formation laws of the component fields were explicitly given at the linearized level
in [20]. In this paper we will obtain a nonlinear form of local transformation laws
of the off-shell multiplet in the component field formulation. There are two kinds of
conformal supergravity multiplets depending on a sign parameter η = ±1 appearing
in self-duality conditions on the scalar fields. Then, we will construct a complete
Lagrangian of the BLG theory coupled to the off-shell conformal supergravity back-
ground in the η = +1 case. In the η = −1 case we did not succeed in constructing
a coupled theory. As we will discuss in section 6, the coupled theory studied in
the previous works [16, 17] corresponds to the η = −1 case. Therefore, our coupled
theory for η = +1 is the case not considered previously. As an application of the
coupled theory we will discuss the supercurrent multiplet of the BLG theory in a
flat background. Knowledge on off-shell conformal supergravities may be also useful
to construct new supergravity theories [20].
The organization of this paper is as follows. In the next section we briefly
explain how to find local transformations of the off-shell conformal supergravity
multiplet starting from the D = 4, N = 8 SO(8) gauged supergravity. Explicit
forms of the local transformations are given in section 3. In section 4 we obtain local
symmetry transformations and an invariant Lagrangian of the BLG theory coupled
to the conformal supergravity background. In section 5 we study the supercurrent
multiplet of the BLG theory in a flat background. In section 6 we discuss difficulties
in the η = −1 case, comparisons with the previous works, and truncations of the
N = 8 conformal supergravity multiplet to lower N . In Appendix A we explain our
notations and conventions. In Appendix B we collect identities of SO(8) matrices,
which are useful for calculations in the text.
3
2. Conformal supergravity from gauged supergravity
In this section we briefly sketch how to derive local transformation laws of the
D = 3, N = 8 conformal supergravity from those of the D = 4, N = 8 SO(8) gauged
supergravity, which has a four-dimensional AdS solution. Our approach is the same
as those in [10–13] and is based on an idea in the AdS/CFT correspondence [5–7].
We study boundary behaviors of the D = 4 gauged supergravity at infinity of four-
dimensional spacetime. Boundary values of the fields form a D = 3 conformal
supergravity multiplet. We obtain local transformations on these three-dimensional
fields induced from the four-dimensional local transformations. The resulting local
transformation laws of the D = 3, N = 8 conformal supergravity are given in the
next section in a self-contained way.
The field content of the D = 4, N = 8 SO(8) gauged supergravity [21] is a
vierbein eM
A(x), 8 Majorana Rarita-Schwinger fields ψαM (x), 28 SO(8) gauge fields
B
αβ
M (x) = −BβαM (x), 56 Majorana spinor fields λαβγ(x) = λ[αβγ](x) and 70 real scalar
fields. Here, M,N, · · · = 0, 1, 2, 3 and A,B, · · · = 0, 1, 2, 3 are four-dimensional
world and local Lorentz indices respectively, and α, β, γ, · · · = 1, 2, · · · , 8 are SO(8)
spinor indices of negative chirality. (See Appendix A for our notations and conven-
tions.) The scalar fields take values in the coset space E7(+7)/SU(8) [22] and can be
represented by a 56× 56 matrix
V (x) = exp

 0 1√2φ(x)
1√
2
φ(x)∗ 0

 , (2.1)
where φ(x) is a complex 28×28 matrix. Components of φ(x) are denoted as φαβγδ(x),
where the antisymmetrized pairs of indices [αβ] and [γδ] label rows and columns,
respectively. φαβγδ(x) is totally antisymmetric in four indices and satisfies a self-
duality condition
φα1···α4 =
1
4!
ηǫα1···α8(φα5···α8)∗, (2.2)
where ǫα1···α8 is the totally antisymmetric symbol with ǫ12345678 = +1 and η is a
parameter taking a value +1 or −1. Local symmetries of this theory are those un-
der general coordinate transformations, local Lorentz transformations, SO(8) gauge
transformations and local supertransformations.
Field equations of this theory have a solution for which the metric is given by AdS
spacetime and other fields are zero. The four-dimensional AdS spacetime is locally
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represented as a region r ≡ x3 > 0 in R4 with coordinates xM . The boundary at
infinity of the AdS spacetime corresponds to a hyperplane r = 0. The AdS metric
is given by
dxMdxN g¯MN =
1
(2gr)2
(
dr2 + dxµdxνηµν
)
, (2.3)
where µ, ν = 0, 1, 2 are three-dimensional world indices and g is the SO(8) gauge
coupling constant. We will consider fluctuations of the fields around this solution.
To proceed we partially fix a gauge for the local symmetries. We choose gauge
fixing conditions as
er
3 =
1
2gr
, er
a = 0, eµ
3 = 0, ψr = 0, B
αβ
r = 0, (2.4)
where a, b, · · · = 0, 1, 2 are three-dimensional local Lorentz indices. By solving
linearized field equations we can find asymptotic behaviors of the fields near the
boundary r = 0. The boundary conditions will be chosen later such that they are
consistent with these boundary behaviors. We assume that eµ
a behaves as r−1 just
as in the background (2.3). Boundary behaviors of other fields are determined by
their linearized field equations around the background. For each field there are two
independent solutions which have different boundary behaviors. For instance, the
vector fields Bαβµ have two solutions which behave as r
0 and r1 for r → 0. The
solution regular in the bulk is a linear combination of these two solutions and its
boundary behavior is dominated by a solution which becomes larger near the bound-
ary, i.e., Bαβµ ∼ r0 in this case. To solve the fermionic field equations it is convenient
to introduce projection operators 1
2
(1± γ3), where γ3 is a four-dimensional gamma
matrix in the A = 3 direction, and define ψµ± = 12(1± γ3)ψµ, λ± = 12(1± γ3)λ.
Knowing the boundary behaviors of the fields we impose Dirichlet type boundary
conditions for r → 0 as
eµ
a(x, r) ∼ (2gr)−1e0µa(x), ψ0µ−(x, r) ∼ (2gr)− 12ψ0µ−(x),
Bαβµ (x, r) ∼ g−1Bαβ0µ (x), λ−(x, r) ∼ (2r)
3
2 g
1
2λ0−(x),
φαβγδ(x, r) ∼ (2r)2Dαβγδ0 (x) + 2irEαβγδ0 (x), (2.5)
where Φ0 = (e0µ
a, ψ0µ−, B0µ, λ0−, D0, E0) are arbitrary fixed functions on the bound-
ary. The real scalar fields Dαβγδ0 , E
αβγδ
0 are totally antisymmetric in four indices and
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satisfy (anti) self-duality conditions
Dα1···α40 =
1
4!
ηǫα1···α8Dα5···α80 ,
Eα1···α40 = −
1
4!
ηǫα1···α8Eα5···α80 . (2.6)
Note that we imposed the boundary conditions on only half of components of ψµ and
λ since their field equations are first order. Other components of these fields behave
as ψµ+(x, r) ∼ (2r) 12 g− 12ψ0µ+(x), λ+(x, r) ∼ (2r) 52g 12λ0+(x). By the field equations
ψ0µ+, λ0+ can be expressed in terms of Φ0 (see (3.5)) and therefore cannot be chosen
arbitrarily. The fields Φ0 coincide with the field content of the off-shellD = 3, N = 8
conformal supergravity [18, 20].
We now study how the fields Φ0 transform under residual symmetry transfor-
mations after the gauge fixing. We first obtain parameters of residual symmetries
for general coordinate, local Lorentz, SO(8) gauge and local super transformations,
which preserve the gauge conditions (2.4). Parameters of these transformations are
denoted as ξM , λAB = −λBA, ζαβ = −ζβα and ǫ, respectively. By solving differential
equations on these parameters obtained by taking variations of the gauge conditions
(2.4) under the local transformations we find the parameters of the residual symme-
try transformations near the boundary r = 0 as
ξµ(x, r) = ξµ0 (x) +O(r2),
ξr(x, r) = −rΛ0(x),
λab(x, r) = λ0ab(x) +O(r2),
λa3(x, r) = O(r),
ζαβ(x, r) = ζ0
αβ(x) +O(r2),
ǫ−(x, r) = (2gr)
− 1
2
[
ǫ0−(x) +O(r2)
]
,
ǫ+(x, r) = −(2g)− 12 r 12
[
η0+(x) +O(r2)
]
, (2.7)
where ξµ0 , Λ0, λ0ab, ζ
αβ
0 , ǫ0− and η0+ are arbitrary functions of x
µ (µ = 0, 1, 2). Order
O(r) and O(r2) terms are non-local functionals of these functions and the fields Φ0.
The transformations with the parameters ξµ0 , λ0ab and ǫ0− act on the boundary fields
Φ0 as three-dimensional general coordinate, local Lorentz and local super transfor-
mations. The transformation with the parameter Λ0 acts on the boundary fields as
Weyl transformation. When a four-dimensional field behaves as ϕ(x, r) ∼ r−wϕ0(x)
for r → 0 the transformation is δϕ0(x) = wΛ0(x)ϕ0(x). The transformation with
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the parameter η0 acts on the boundary fields as super Weyl transformation. All the
transformations of Φ0 become independent of the SO(8) gauge coupling constant g
when we scale the fields and the transformation parameters by g as in (2.5) and
(2.7). Explicit forms of the transformations obtained in this way will be given in
the next section.
The supertransformations of the D = 4 gauged supergravity are non-polynomial
in the scalar fields φ as can be seen in the expression (2.1). However, in the limit
r → 0 they become polynomials in D0 and E0. Similarly, although the supertrans-
formations of the fermionic fields in the D = 4 gauged supergravity contain terms
quadratic in the fermionic fields, most of them go to zero in the limit r → 0. Only
remaining such higher Fermi terms are those appearing in supercovariant derivatives.
In the following we will suppress the subscript 0 for the boundary fields and the
transformation parameters. Four-component spinors of SO(1,3) with a definite γ3
eigenvalue will be expressed by two-component spinors of SO(1,2), and the subscripts
± of ψ0µ−, λ0−, ǫ0−, η0+ will be suppressed.
3. D = 3, N = 8 conformal supergravity
Let us summarize the results on the D = 3, N = 8 conformal supergravity
obtained in the last section. The field content is, as given in Table 1, a dreibein
eµ
a(x), 8 Majorana Rarita-Schwinger fields ψαµ (x), 28 SO(8) gauge fields B
αβ
µ (x),
56 Majorana spinor fields λαβγ(x), 70 real scalar fields Dαβγδ(x), Eαβγδ(x), where
α, β, · · · = 1, 2, · · · , 8 are SO(8) negative chirality spinor indices. The fields Bαβµ (x),
λαβγ(x), Dαβγδ(x), Eαβγδ(x) are totally antisymmetric in these indices. The scalar
fields also satisfy (anti) self-duality conditions
Dα1···α4 =
1
4!
ηǫα1···α8Dα5···α8 ,
Eα1···α4 = − 1
4!
ηǫα1···α8Eα5···α8 , (3.1)
where η is a parameter taking a value +1 or −1.
Local symmetry transformations of these fields are general coordinate transfor-
mation δG with a parameter ξ
µ(x), local Lorentz transformation δL with a parame-
ter λab(x) = −λba(x), Weyl transformation δW with a parameter Λ(x), local SO(8)
7
Field eµ
a ψαµ B
αβ
µ λ
αβγ Dαβγδ Eαβγδ
Weyl weight 1 1
2
0 −3
2
−2 −1
SO(8) representation 1 8s 28 56s 35v or 35c 35c or 35v
Table 1: The field content of the conformal supergravity multiplet. SO(8) represen-
tations of Dαβγδ and Eαβγδ are the first ones for η = +1 and the second ones for
η = −1.
transformation δg with a parameter ζ
αβ(x) = −ζβα(x), local supertransformation
δQ with a Majorana spinor parameter ǫ
α(x) and super Weyl transformation δS with
a Majorana spinor parameter ηα(x). Weyl weights and SO(8) representations of the
fields are given in Table 1. (See Tables 36, 37 of [23] for naming of SO(8) representa-
tions.) Bosonic transformation laws other than the Weyl transformation are obvious
from the index structure of the fields. For instance, the bosonic transformations of
the Rarita-Schwinger fields with Weyl weight 1
2
are
(δG + δL + δW + δg)ψ
α
µ = ξ
ν∂νψ
α
µ + ∂µξ
νψαν −
1
4
λabγ
abψαµ +
1
2
Λψαµ − ζαβψβµ . (3.2)
The fermionic transformations δQ and δS are given by
δQeµ
a =
1
4
ǫ¯αγaψαµ , δQψ
α
µ = Dµǫ
α,
δQB
αβ
µ = −ǫ¯[αψβ]µ+ +
1
2
√
2
ǫ¯γγµλ
αβγ − 1
2
√
2
ǫ¯γψδµE
αβγδ,
δQλ
αβγ = − 3
4
√
2
γµνǫ[αGˆβγ]µν + ǫ
δDαβγδ − 1
2
γµǫδDˆµE
αβγδ
− 3
4
√
2
ǫδEǫη[αβEγδ]ǫη,
δQD
α1···α4 = ǫ¯[α1λα2α3α4]+ +
1
4!
ηǫα1···α8 ǫ¯α5λα6α7α8+ ,
δQE
α1···α4 = ǫ¯[α1λα2α3α4] − 1
4!
ηǫα1···α8 ǫ¯α5λα6α7α8 (3.3)
and
δSeµ
a = 0, δSψ
α
µ = γµη
α, δSB
αβ
µ =
1
2
η¯[αψβ]µ ,
δSλ
αβγ = ηδEαβγδ, δSE
α1···α4 = 0,
δSD
α1···α4 = −1
2
(
η¯[α1λα2α3α4] +
1
4!
ηǫα1···α8 η¯[α5λα6α7α8]
)
. (3.4)
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Here, we have defined
ψαµ+ =
1
4
γρσγµψ
α
ρσ, ψ
α
µν = D[µψ
α
ν],
λ
αβγ
+ = −
1
2
γµDˆµλ
αβγ − γµψδµ+Eαβγδ +
3
2
√
2
Eδǫ[αβλγ]δǫ,
Gˆαβµν = G
αβ
µν + 2ψ¯
[α
[µψ
β]
ν]+ −
1√
2
ψ¯
γ
[µγν]λ
αβγ +
1
2
√
2
ψ¯
γ
[µψ
δ
ν]E
αβγδ,
DˆµE
α1···α4 = DµE
α1···α4 − ψ¯[α1µ λα2α3α4] +
1
4!
ηǫα1···α8ψ¯α5µ λ
α6α7α8 ,
Dˆµλ
αβγ = Dµλ
αβγ +
3
4
√
2
γρσψ[αµ Gˆ
βγ]
ρσ − ψδµDαβγδ +
1
2
γρψδµDˆρE
αβγδ
+
3
4
√
2
ψδµE
ǫη[αβEγδ]ǫη. (3.5)
The covariant derivative Dµ contains the spin connection and the SO(8) gauge fields
and is given by, e.g., for ǫα
Dµǫ
α =
(
∂µ +
1
4
ωˆµabγ
ab
)
ǫα +Bαβµ ǫ
β. (3.6)
The spin connection ωˆµab satisfies the torsion condition
Dµeν
a −Dνeµa = 1
4
ψ¯µγ
aψν (3.7)
and is given by
ωˆµab = ωµab(e) +
1
8
(ψ¯aγµψb + ψ¯µγaψb − ψ¯µγbψa), (3.8)
where ωµab(e) is the spin connection without torsion. The Ricci tensor made from
the spin connection ωˆµab is not a symmetric tensor but has an antisymmetric part
R[µν] = −3
4
ψ¯[ργ
ρψµν]. (3.9)
Dˆµ is the supercovariant derivative, which transforms without ∂µǫ terms under
the local supertransformation. DˆµE
αβγδ satisfies the same self-duality condition
as Eαβγδ in (3.1). The field strength of the SO(8) gauge fields is
Gαβµν = ∂µB
αβ
ν − ∂νBαβµ +Bαγµ Bγβν −Bαγν Bγβµ , (3.10)
and Gˆαβµν is its supercovariantization. By linearization the transformations (3.3),
(3.4) reduce to the transformations in [18, 20].
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The above local transformations satisfy a commutator algebra which closes off-
shell, i.e., without using any constraints on the fields such as field equations. This is
guaranteed from the fact that the local transformations of the D = 4 SO(8) gauged
supergravity satisfy a closed commutator algebra on-shell and the fact that the field
equations of the D = 4 theory do not impose any constraint on the boundary values
Φ0 = (e0µ
a, ψ0µ−, B0µ, λ0−, D0, E0), which become the fields of the D = 3 conformal
supergravity multiplet as discussed in the previous section. Explicit forms of the
commutators will be given below.
So far we have used only negative chirality spinor indices α, β, · · · = 1, 2, · · · , 8
of SO(8). On the other hand the BLG theory contains fields with vector indices
I, J, · · · = 1, 2, · · · , 8 and positive chirality spinor indices α˙, β˙, · · · = 1, 2, · · · , 8
of SO(8). To couple the conformal supergravity to the BLG theory we need the
Clebsch-Gordan coefficients which connect these three kinds of indices of SO(8).
They are provided by the 16× 16 gamma matrices of SO(8)
ΓI =

 0 ΣI
Σ¯I 0

 , (3.11)
where ΣI and Σ¯I = (ΣI)T are 8 × 8 matrices with components (ΣI)αβ˙ and (Σ¯I)α˙β.
These Σ-matrices satisfy identities given in Appendix B.
To couple the conformal supergravity to the BLG theory it is convenient to define
fields with vector and positive chirality spinor indices instead of negative chirality
spinor indices. For that purpose we introduce combinations of Σ-matrices∗
t
αβγδ
IJ = (ΣKI)
[αβ(ΣKJ)
γδ],
t
αβγδ
IJKL = (Σ[IJ)
[αβ(ΣKL])
γδ],
u
αβγ
Iα˙ = −(ΣIJ)[αβ(ΣJ )γ]α˙, (3.12)
where ΣIJ = Σ[IΣ¯J ], and upper and lower indices are not distinguished. They satisfy
tα1···α4IJ =
1
4!
ǫα1···α8tα5···α8IJ , t
α1···α4
IJKL = −
1
4!
ǫα1···α8tα5···α8IJKL ,
t
αβγδ
IJ = t
αβγδ
JI , t
αβγδ
II = 0, t
αβγδ
I1···I4 =
1
4!
ǫI1···I8tαβγδI5···I8 , (Σ
I)αβ˙uβγδ
Iβ˙
= 0. (3.13)
∗These were used in [24] in a study of the superstring field theory in the light-cone gauge. See
Appendix A of [24] for further identities which they satisfy.
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Note that tα1···α4IJ is self-dual and t
α1···α4
IJKL is anti self-dual in the four spinor indices.
We can define new SO(8) gauge fields BIJµ and spinor fields λ
Iα˙ by
BIJµ =
1
4
(ΣIJ)αβBαβµ , B
αβ
µ =
1
4
(ΣIJ )αβBIJµ ,
λIα˙ =
1
48
u
αβγ
Iα˙ λ
αβγ, λαβγ = uαβγIα˙ λ
Iα˙, (3.14)
which satisfy
BIJµ = −BJIµ , (ΣI)αβ˙λIβ˙ = 0. (3.15)
The field strength of the new gauge field is
GIJµν = ∂µB
IJ
ν − ∂νBIJµ +BIKµ BKJν −BIKν BKJµ . (3.16)
Definitions of new scalar fields depend on the self-duality parameter η in (3.1). When
the parameter is η = +1, Dαβγδ is self-dual and Eαβγδ is anti self-dual. Then, we
can define the scalar fields DIJ and EIJKL by
DIJ =
1
4 · 4! t
αβγδ
IJ D
αβγδ, Dαβγδ =
1
4
t
αβγδ
IJ D
IJ ,
EIJKL =
1
256
t
αβγδ
IJKLE
αβγδ, Eαβγδ = tαβγδIJKLE
IJKL, (3.17)
which satisfy
DIJ = DJI , DII = 0, EIJKL =
1
4!
ǫIJKLMNPQEMNPQ. (3.18)
(One can further define Eα˙β˙ = (Σ¯IJKL)α˙β˙EIJKL, which is symmetric and traceless in
(α˙β˙), but we use EIJKL in the following.) On the other hand, when the parameter
is η = −1, we can define DIJKL and EIJ as in (3.17), (3.18) with D and E inter-
changed. Note that the two cases η = ±1 are not equivalent since D and E have
different Weyl weights. In the following we rewrite the fermionic transformations in
terms of the new fields.
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3.1 η = +1
In this case the fermionic transformations δQ and δS in (3.3) and (3.4) become
δQeµ
a =
1
4
ǫ¯γaψµ, δQψµ = Dµǫ,
δQB
IJ
µ = −
1
4
ǫ¯ΣIJψµ+ +
√
2ǫ¯γµΣ
[IλJ ] −
√
2ǫ¯ΣKLψµE
IJKL,
δQλ
I = − 1
128
√
2
γµν
(
Σ¯IKL − 6δIKΣ¯L) ǫGˆKLµν + 14Σ¯JǫDIJ
+
1
6
γµΣ¯JKLǫDˆµE
IJKL + 2
√
2 Σ¯JKLǫEMN [IJEKL]MN ,
δQD
IJ = −ǫ¯Σ(IλJ)+ , δQEIJKL =
1
8
ǫ¯Σ[IJKλL] (3.19)
and
δSeµ
a = 0, δSψµ = γµη, δSB
IJ
µ =
1
8
η¯ΣIJψµ,
δSλ
I = −1
3
Σ¯JKLηEIJKL, δSD
IJ =
1
2
η¯Σ(IλJ), δSE
IJKL = 0, (3.20)
where
λI+ = −
1
2
γµDˆµλ
I +
1
3
γµΣ¯JKLψµ+E
IJKL +
1√
2
(
Σ¯IJKL − 5δIJΣ¯KL)EJKLMλM .
(3.21)
We have suppressed SO(8) spinor indices α, α˙, · · · . Explicit forms of the superco-
variant quantities GˆIJµν , DˆµE
IJKL, Dˆµλ
I in terms of the new fields can be found from
(3.5) or more easily from the supertransformations (3.19). λI+ in (3.21) is related to
λ
αβγ
+ in (3.5) as λ
Iα˙
+ =
1
48
u
αβγ
Iα˙ λ
αβγ
+ and satisfies Σ
IλI+ = 0.
As explained above the commutator algebra of the local transformations closes
off-shell. Indeed, by lengthy but straightforward calculations using SO(8) identities
in Appendix B we found the off-shell commutation relations as
[δQ(ǫ1), δQ(ǫ2)] = δG(ξ) + δL(λ) + δg(ζ) + δQ(ǫ
′) + δS(η
′),
[δQ(ǫ), δS(η)] = δW (Λ) + δL(λ
′) + δg(ζ
′) + δS(η
′′),
[δS(η1), δS(η2)] = 0, (3.22)
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where the transformation parameters on the right-hand sides are
ξµ =
1
4
ǫ¯2γ
µǫ1, λab = −ξµωˆµab,
ζIJ = −ξµBIJµ −
√
2ǫ¯2Σ
KLǫ1E
IJKL, ǫ′ = −ξµψµ,
η′ =
1
32
ξµ(14γρσγµ − γµγρσ)ψρσ −
(
1
256
ΣIJγρσψρσ +
1
2
√
2
ΣIλJ
)
ǫ¯2Σ
IJǫ1
− 1
256 · 4!Σ
IJKL(2γρσγµ + γµγ
ρσ)ψρσ ǫ¯2γ
µΣIJKLǫ1,
Λ = −1
4
ǫ¯η, λ′ab =
1
4
ǫ¯γabη, ζ
′IJ = −1
8
ǫ¯ΣIJη, η′′ =
1
8
γµǫη¯ψµ. (3.23)
The SO(8) parameter ζIJ is related to ζαβ as ζIJ = 1
4
(ΣIJ)αβζαβ. We have explic-
itly checked these commutation relations on all the fields except for [δQ, δQ]λ
I and
[δQ, δQ]D
IJ , which are the hardest to calculate.
3.2 η = −1
In this case the fermionic transformations δQ and δS in (3.3) and (3.4) become
δQeµ
a =
1
4
ǫ¯γaψµ, δQψµ = Dµǫ,
δQB
IJ
µ = −
1
4
ǫ¯ΣIJψµ+ +
√
2ǫ¯γµΣ
[IλJ ] +
1
2
√
2
ǫ¯ΣK[IψµE
J ]K ,
δQλ
I = − 1
128
√
2
γµν
(
Σ¯IKL − 6δIKΣ¯L) ǫGˆKLµν − 13Σ¯JKLǫDIJKL
− 1
8
γµΣ¯JǫDˆµE
IJ − 1
4
√
2
Σ¯Jǫ
(
EIKEJK − 1
8
δIJEKLEKL
)
,
δQD
IJKL =
1
8
ǫ¯Σ[IJKλ
L]
+ , δQE
IJ = −ǫ¯Σ(IλJ) (3.24)
and
δSeµ
a = 0, δSψµ = γµη, δSB
IJ
µ =
1
8
η¯ΣIJψµ,
δSλ
I =
1
4
Σ¯JηEIJ , δSD
IJKL = − 1
16
η¯Σ[IJKλL], δSE
IJ = 0, (3.25)
where
λI+ = −
1
2
γµDˆµλ
I − 1
4
γµΣ¯Jψµ+E
IJ − 1
4
√
2
(
Σ¯IK − 7δIK) λLEKL. (3.26)
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Field XIi Ψ
α˙
i A˜µ
j
i
Weyl weight −1
2
−1 0
SO(8) representation 8v 8c 1
Table 2: The field content of the BLG multiplet.
The commutators of the fermionic transformations are given by (3.22). The param-
eters on the right-hand sides are given by (3.23) except for
ζIJ = −ξµBIJµ +
1
2
√
2
ǫ¯2Σ
K[Iǫ1E
J ]K . (3.27)
4. The BLG theory coupled to conformal supergravity
The BLG theory [1–3] is a three-dimensional field theory invariant under N = 8
superconformal transformations. It is based on an algebraic structure called a 3-
algebra with a four-index structure constant fklji. The field content of the theory
is real scalar fields XIi (x), Majorana spinor fields Ψ
α˙
i (x) and Chern-Simons gauge
fields A˜µ
j
i(x) = Aµkl(x)f
klj
i (Aµkl = −Aµlk) as shown in Table 2. Here, I, J, · · · =
1, 2, · · · , 8 and α˙, β˙, · · · = 1, 2, · · · , 8 are vector indices and positive chirality spinor
indices of SO(8) respectively as in the previous section, and i, j, · · · = 1, 2, · · · , n are
indices of the 3-algebra. The 3-algebra indices are raised and lowered by a constant
metric hij, hij . The structure constant of the 3-algebra f
ijk
l satisfies
f ijkl = f [ijkl], fmn[ipf
jkl]p = 0. (4.1)
The 3-algebra gauge transformations of the fields are
δg3X
I
i = X
I
j Λ˜
j
i, δg3Ψi = ΨjΛ˜
j
i,
δg3A˜µ
j
i = DµΛ˜
j
i = ∂µΛ˜
j
i − Λ˜jkA˜µki + A˜µjkΛ˜ki, (4.2)
where Λ˜ji(x) = Λkl(x)f
klj
i is a transformation parameter.
We would like to couple the BLG theory to the off-shell conformal supergravity
constructed in the previous sections. We will only consider the η = +1 case since we
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find difficulties in coupling the η = −1 conformal supergravity to the BLG theory
as will be discussed in section 6. By the standard Noether procedure starting from
the theory in a flat background [1–3] we can obtain local transformation laws of the
fields and a Lagrangian in the conformal supergravity background.
First we shall give local transformation laws of the BLG fields. Transformations
of the conformal supergravity fields remain the same as in the previous section
since they have the closed commutator algebra off-shell. Weyl weights and SO(8)
representations of the fields are given in Table 2. Bosonic transformation laws other
than the Weyl transformation are obvious from the index structure of the fields.
Local supertransformations δQ and super Weyl transformations δS of the BLG fields
are given by
δQX
I
i =
1
2
√
2
ǫ¯ΣIΨi,
δQΨi =
1
2
√
2
γµΣ¯IǫDˆµX
I
i +
1
12
√
2
fi
jklXJj X
K
k X
L
l Σ¯
JKLǫ− 2
3
Σ¯JKLǫEIJKLXIi ,
δQA˜
j
µi =
1
2
√
2
ǫ¯γµΣ
IΨkX
I
l f
klj
i − 1
8
ǫ¯ΣKLψµX
K
k X
L
l f
klj
i (4.3)
and
δSX
I
i = 0, δSΨi = −
1
2
√
2
Σ¯IηXIi , δSA˜
j
µi = 0. (4.4)
Here, Dˆµ is a supercovariant derivative
DˆµX
I
i = DµX
I
i −
1
2
√
2
ψ¯µΣ
IΨi. (4.5)
The covariant derivative Dµ contains the 3-algebra gauge fields in addition to the
spin connection and the SO(8) gauge fields:
DµX
I
i = ∂µX
I
i +B
IJ
µ X
J
i −XIj A˜µji,
DµΨi =
(
∂µ +
1
4
ωˆµabγ
ab +
1
4
BIJµ Σ¯
IJ
)
Ψi −ΨjA˜µji. (4.6)
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The Lagrangian of the BLG theory coupled to the conformal supergravity back-
ground can be written as
L = L0 + L1 + L2,
L0 = −1
2
eDµX
iIDµXIi −
1
2
eΨ¯iγµDµΨi +
1
4
ef ijklΨ¯iΣ¯
IJΨjX
I
kX
J
l − eV
+
1
2
ǫµνρ
(
f ijklAµij∂νAρkl +
2
3
fklipf
mnpjAµijAνklAρmn
)
,
L1 = 1
2
√
2
eψ¯µγ
νγµΣIΨiDνX
I
i +
1
12
√
2
eψ¯µγ
µΣJKLΨif
ijklXJj X
K
k X
L
l
− 1
16
eψ¯µγ
µνρΣIJψνX
iIDρX
J
i −
1
4
√
2
eΨ¯iγµνΣ¯IDµψνX
I
i −
1
16
eRX2
+
1
32
eψ¯µγ
µνρDνψρX
2 − 1
192
eψ¯µγ
µνΣIJKLψνf
ijklXIiX
J
j X
K
k X
L
l ,
L2 = −4eλ¯IΨiXIi +
8
3
√
2
eEIJKLf ijklXIiX
J
j X
K
k X
L
l
− 2
3
eψ¯µγ
µΣJKLΨiEIJKLXIi +
√
2eDIJX iIXJi
+
1√
2
eψ¯µγ
µΣIλJX iIXJi +
1
6
√
2
eψ¯µγ
µνΣIKLMψνE
JKLMX iIXJi
− 4
3
eEIJKLEIJKLX2 +
1
6
√
2
eEIJKLΨ¯iΣ¯IJKLΨi
+
1
32
eψ¯µγ
νγµψνΨ¯
iΨi +
1
128
eψ¯µ(γ
µν
ρ − gµνγρ)ΣIJψνΨ¯iγρΣ¯IJΨi. (4.7)
Here, R is the scalar curvature made from the spin connection ωˆµab in (3.8), and we
have defined
V =
1
12
f ijklfmnplX
I
iX
J
j X
K
k X
I
mX
J
nX
K
p , X
2 = XIiX
iI . (4.8)
L0 is an obvious generalization of the BLG Lagrangian to the one in a curved
background with the spin connection (3.8). L1 consists of couplings to eµa, ψµ and
BIJµ of the conformal supergravity multiplet. These couplings appeared also in the
Lagrangian in [16, 17]. L2 contains couplings to other fields λI , DIJ and EIJKL of
the conformal supergravity multiplet, and four-Fermi terms. The Lagrangian (4.7)
is invariant under all the local transformations up to a total divergence.
We found the fermionic transformations (4.3), (4.4) and the Lagrangian (4.7)
by adding all possible terms which are invariant under the bosonic transformations
with unknown coefficients and then fixing those coefficients such that the Lagrangian
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is invariant under the fermionic transformations. Finally, the complete invariance
of the Lagrangian was shown. To show cancellations of terms cubic and higher in
fermionic fields in δQL and δSL we have used the identities
γaΣ
IJKLψ[ρψ¯µγ
aψν] + γaψ[ρψ¯µγ
aΣIJKLψν] − 6Σ[IJψ[ρψ¯µΣKL]ψν] = 0,
γaΣIJKLψ[ρψ¯µΣ
KLψν] + Σ
KLψ[ρψ¯µγ
aΣIJKLψν]
+ 6γaψ[ρψ¯µΣ
IJψν] + 6Σ
IJψ[ρψ¯µγ
aψν] = 0,
ΣIJψ[ρψ¯µΣ
IJψν] + 8γaψ[ρψ¯µγ
aψν] = 0,
γaΣ
IJKLψ[ρψ¯µγ
aΣIJKLψν] + 240γaψ[ρψ¯µγ
aψν] = 0,
ΣK(Iψ[ρψ¯µΣ
J)Kψν] = δ
IJγaψ[ρψ¯µγ
aψν], (4.9)
which can be proved by using the Fierz identities given in Appendix B.
The commutators of the local transformations now become
[δQ(ǫ1), δQ(ǫ2)] = δG(ξ) + δL(λ) + δg(ζ) + δg3(Λ˜) + δQ(ǫ
′) + δS(η
′),
[δQ(ǫ), δS(η)] = δW (Λ) + δL(λ
′) + δg(ζ
′) + δS(η
′′),
[δS(η1), δS(η2)] = 0. (4.10)
The transformation parameters on the right-hand sides are given by (3.23) and
Λ˜ji = −ξµA˜µji − 1
8
ǫ¯2Σ
KLǫ1X
K
k X
L
l f
klj
i (4.11)
for the 3-algebra gauge transformation. To show these commutation relations one
has to use the field equations of the BLG fields Ψi and A˜µ
j
i derived from the La-
grangian (4.7). Thus the algebra closes only on-shell on the BLG fields as in the
original BLG theory in a flat background.
5. Supercurrent multiplet of the BLG theory
As an application of the results in the previous sections let us obtain a supercurrent
multiplet of the BLG theory in a flat background. The supercurrent multiplet is a
supermultiplet which contains the energy-momentum tensor and the supercurrent
in addition to other quantities [25, 14].
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We consider the BLG theory in a flat conformal supergravity background
eµ
a = δaµ, ψµ = B
IJ
µ = λ
I = DIJ = EIJKL = 0. (5.1)
This background is preserved by a part of the local transformations discussed in sec-
tion 3. Such transformations form a supergroup OSp(8|4), which contains SO(2, 3)
× SO(8) as a bosonic subgroup. The Lagrangian (4.7) in this background is invariant
under OSp(8|4) transformations [26]. OSp(8|4) consists of conformal transformation
δC , superconformal transformation δSC and global SO(8) transformation δSO(8) given
by
δC(ξ) = δG(ξ) + δL(λ) + δW (Λ), λµν = −∂[µξν], Λ = −1
3
∂µξ
µ,
δSC(ǫ) = δQ(ǫ) + δS(η), η = −1
3
γµ∂µǫ,
δSO(8)(ζ) = δg(ζ), (5.2)
where the transformation parameters ξµ, ǫ and ζIJ satisfy
∂µξν + ∂νξµ =
2
3
ηµν∂ρξ
ρ,
(
∂µ − 1
3
γµγ
ν∂ν
)
ǫ = 0, ∂µζ
IJ = 0. (5.3)
Solutions of the first two equations are conformal Killing vectors and conformal
Killing spinors, respectively. The general form of conformal Killing spinors is
ǫ = α + xµγµβ, (5.4)
where α and β are arbitrary constant spinors.
The supercurrent multiplet of the BLG theory can be obtained by computing
derivatives of the Lagrangian (4.7) with respect to the conformal supergravity fields
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and taking the flat background (5.1). We find the supercurrent multiplet as
Tµν = DµX
iIDνX
I
i −
1
2
ηµνDρX
iIDρXIi −
1
8
(∂µ∂ν − ηµν∂2)(X iIXIi )
+
1
2
Ψ¯iγ(µDν)Ψi − 1
12
ηµνf
ijklfmnplX
I
iX
J
j X
K
k X
I
mX
J
nX
K
p ,
Sµ =
1
2
√
2
γνγµΣIΨiDνX
I
i +
1
4
√
2
∂ν(γ
µνΣIΨiXIi )
+
1
12
√
2
f ijklγµΣJKLΨiX
J
j X
K
k X
L
l ,
JIJµ = X
i[IDµX
J ]
i −
1
8
Ψ¯iγµΣ¯
IJΨi,
RI = ΨiXIi −
1
8
Σ¯IΣJΨiXJi ,
M IJ = XIiX
iJ − 1
8
δIJXKi X
iK ,
N IJKL =
1
2
f ijkl
(
XIiX
J
j X
K
k X
L
l +
1
4!
ǫIJKLMNPQXMi X
N
j X
P
k X
Q
l
)
+
1
16
Ψ¯iΣ¯IJKLΨi,
(5.5)
where the covariant derivative Dµ contains only the 3-algebra gauge field A˜µ
j
i. Tµν ,
Sµ and JIJµ are the energy-momentum tensor, the supercurrent and the SO(8) cur-
rent, respectively. They satisfy conservation laws and (γ-)traceless conditions
∂µT
µν = 0, ∂µS
µ = 0, ∂µJ
µIJ = 0,
Tµ
µ = 0, γµS
µ = 0. (5.6)
From these quantities we can construct the OSp(8|4) charges
QT [ξ] =
∫
d3x ξνTν
0, QS[ǫ] =
∫
d3x ǫ¯S0, QJ [ζ ] =
∫
d3x ζIJJ0IJ , (5.7)
where ξµ, ǫ and ζIJ are solutions of (5.3). By (5.6) and (5.3) these charges are
conserved. RI , M IJ , N IJKL are quantities corresponding to the fields λI , DIJ ,
EIJKL, respectively. RI , M IJ satisfy (Σ-)traceless conditions ΣIRI = 0, M II = 0
and N IJKL is self-dual.
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Under the OSp(8|4) transformations in (5.2) these quantities transform into
themselves. In particular, their superconformal transformations are
δSCTµν =
1
2
ǫ¯γρ(µ∂
ρSν) + 2∂(µǫ¯Sν),
δSCSµ =
1
4
γνǫTµν − 1
16
γργµ
σΣIJǫ∂σJ
IJ
ρ −
1
16
ΣIJ(γµ∂ν + 3γν∂µ)ǫJ
νIJ ,
δSCJ
IJ
µ =
1
4
ǫ¯ΣIJSµ +
1
2
√
2
∂ν(ǫ¯γµ
νΣ[IRJ ]),
δSCR
I =
1
2
√
2
γµΣ¯JǫJIJµ −
1
16
√
2
γµΣ¯IΣKLǫJKLµ +
1
12
√
2
Σ¯JKLǫN IJKL
+
1
4
√
2
γµΣ¯Jǫ∂µM
IJ +
1
6
√
2
γµΣ¯J∂µǫM
IJ ,
δSCM
IJ =
1√
2
ǫ¯Σ(IRJ),
δSCN
IJKL = − 1
16
√
2
ǫ¯γµΣM Σ¯IJKL∂µR
M − 1
48
√
2
∂µǫ¯γ
µΣM Σ¯IJKLRM . (5.8)
We see that Tµν , Sµ and J
IJ
µ transform into themselves except that R
I appears
in δSCJ
IJ
µ . However, this R
I term does not contribute to transformations of the
conserved charges (5.7). Indeed, we find that they transform as
δSC(ǫ1)QT [ξ2] = QS[ǫ3],
δSC(ǫ1)QS[ǫ2] = QT [ξ3] +QJ [ζ3],
δSC(ǫ1)QJ [ζ2] = QS[ǫ
′
3], (5.9)
where the transformation parameters on the right-hand sides are
ǫ3 = ξ
µ
2 ∂µǫ1 +
1
4
∂µξ2νγ
µνǫ1 − 1
6
∂µξ
µ
2 ǫ1, ǫ
′
3 = −
1
4
ζIJ2 Σ
IJǫ1,
ξ
µ
3 =
1
4
ǫ¯2γ
µǫ1, ζ
IJ
3 = −
1
24
(ǫ¯2Σ
IJγµ∂µǫ1 − ǫ¯1ΣIJγµ∂µǫ2). (5.10)
It can be shown that these parameters satisfy (5.3), i.e., ǫ3, ǫ
′
3 are conformal Killing
spinors, ξµ3 is a conformal Killing vector and ζ
IJ
3 is a constant. The conserved
charges (5.7) are transformed into themselves also by the conformal and SO(8)
transformations.
20
6. Discussion
In this paper we obtained local transformation laws of theD = 3,N = 8 conformal
supergravity. There are two cases depending on the parameter η = ±1 appearing in
the (anti) self-duality conditions on the scalar fields. In both cases the commutator
algebra of the local transformations closes off-shell on the conformal supergravity
fields. In the η = +1 case we coupled the conformal supergravity to the BLG theory
and obtained local transformation laws and an invariant Lagrangian of the coupled
theory. The commutator algebra closes also on the BLG fields when their field
equations are used.
On the other hand, in the η = −1 case we did not succeed in coupling the
conformal supergravity to the BLG theory. We found a difficulty in a commutator
of local supertransformations. Assuming that the local supertransformation laws of
the BLG fields are given by
δQΨi =
1
2
√
2
γµΣ¯IǫDˆµX
I
i +
1
12
√
2
fi
jklXJj X
K
k X
L
l Σ¯
JKLǫ+
1
2
Σ¯IǫEIJXJi (6.1)
and δQX
I
i , δQA˜µ
j
i in (4.3), we found an extra term in the commutation relation
[δQ(ǫ1), δQ(ǫ2)]X
I
i = · · · −
1
2
√
2
ǫ¯2Σ
K(Iǫ1E
J)KXJi , (6.2)
where · · · denote the expected local transformation terms in (4.10). Therefore, this
commutator does not close. A change of the coefficient in the last term of (6.1) or an
addition of terms of the form Σ¯IǫXIXJXJ to (6.1) does not improve the situation.
Another puzzling point is on the supercurrent multiplet of the BLG theory in a flat
background. If one could find a coupling of the η = −1 conformal supergravity,
one would obtain a supercurrent multiplet different from (5.5). In particular, M IJ ,
N IJKL would be replaced by something like M IJKL, N IJ . Since these multiplets are
those of the original BLG theory without coupling to the conformal supergravity, we
would obtain two different supercurrent multiplets for the same one theory. These
observations seem to suggest that it is not possible to couple the η = −1 off-shell
conformal supergravity to the BLG theory.
The D = 3, N = 8 conformal supergravity and its coupling to the BLG the-
ory were previously discussed in [16–19] in both of the component field formulation
and the superspace formulation. Let us compare these works with ours. In the
component field formulation [16, 17] the on-shell conformal supergravity multiplet,
21
which consists of a dreibein eµ
a, Rarita-Schwinger fields ψαµ and SO(8) gauge fields
BIJµ , was used. The Lagrangian and the local supertransformations of these fields
were obtained. The conformal supergravity multiplet has a kinetic term in the La-
grangian and is dynamical. The commutator algebra closes only on-shell, i.e., when
field equations of the conformal supergravity fields are used. In the superspace
formulation [18, 19, 17] the conformal supergravity multiplet is represented by su-
perfields. The superfield of central importance is the “super Cotton tensor”, which
contains the Cotton tensor for the gravitational field, its superpartner (Cottino) for
the Rarita-Schwinger fields and the field strength of the SO(8) gauge fields as com-
ponent fields. In addition, the super Cotton tensor also contains spinor and scalar
fields λαβγ, Dαβγδ, Eαβγδ. Its leading component field is the scalar field Eαβγδ, which
is either self-dual or anti self-dual. Therefore, this formulation corresponds to the
off-shell conformal supergravity multiplet as in our approach. However, when it
is coupled to the BLG matter theory, the field equations of the matter fields were
given only when the conformal supergravity fields are on-shell, i.e., they satisfy their
field equations [17]. In particular, the spinor and scalar fields are not independent
fields but are expressed in terms of the matter fields as determined by (4.25), (4.26)
of [17]. Then, the superspace formulation reduces to the on-shell component field
formulation.
To compare these results with ours we first suppose that our results on the off-
shell conformal supergravity multiplet in section 3 correspond to a component field
form of the superspace formulation in [18, 19, 17] although we have not shown it
explicitly. As for the coupling to the BLG theory we note that in the superspace
formulation [17] the coupling was studied only when Eαβγδ is self-dual and not anti
self-dual. This corresponds to our η = −1 case as can be seen by comparing (D.13),
(D.14) of [17] and our (3.17) with D and E interchanged for η = −1. Although
we could not find a coupled theory for η = −1, the supertransformations of the
conformal supergravity multiplet were obtained and are given in (3.24). Comparing
the supertransformations of the fields eµ
a, ψµ, B
IJ
µ in (3.24) and those in (2.20)–
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(2.22) of [17] we see that they are the same if we assume∗
λI =
1
8
g
(
ΨiXIi −
1
8
Σ¯IΣJΨiXJi
)
,
EIJ =
1
4
√
2
g
(
XIiX
iJ − 1
8
δIJXKi X
iK
)
, (6.3)
where g is a conformal gravitational coupling constant used in [17]. Furthermore,
(6.3) appear as field equations for the conformal supergravity multiplet in the su-
perspace formulation ((4.25), (4.26) of [17]). Therefore, our results for η = −1 are
consistent with those of [16,17] as far as the transformations of the conformal super-
gravity multiplet are concerned. Although we could not find a coupled theory for
the off-shell conformal supergravity multiplet, it is possible to construct a coupled
theory for the on-shell multiplet as was done in [16, 17].
A coupling of the BLG theory to the η = +1 conformal supergravity multiplet
was not considered in the superspace formulation in [17]. It would be interesting to
study a coupling to the η = +1 multiplet in the superspace formulation and compare
it with our results in section 4. In connection with this it would be also interesting to
see whether one can construct a theory in which the η = +1 conformal supergravity
multiplet is dynamical and can eliminate the auxiliary spinor and scalar fields in
terms of the matter fields by using field equations to obtain an on-shell multiplet. If
such a theory is possible, the second equation of (6.3) will be replaced by an equation
for EIJKL. One may guess that it is something like EIJKL ∼ gN IJKL(X2)−1, where
N IJKL is given in (5.5) and the factor (X2)−1 is needed to match the Weyl weight.
Then, on-shell supertransformations will have different forms from those of [16,17].
Finally, D = 3 conformal supergravity multiplets with lower N supersymme-
tries can be obtained from the N = 8 multiplet given in section 3 by consistent
truncations, i.e., by setting some of the fields to zero in such a way that a part
of supersymmetries is preserved. Their local transformation laws are easily ob-
tained from those of the N = 8 multiplet. For instance, a truncation to N = 6
can be obtained as follows. In section 3 we used SO(8) negative chirality indices
α, β, γ, · · · = 1, 2, · · · , 8 for the N = 8 conformal supergravity multiplet as given in
Table 1 and the parameters of the super and super Weyl transformations ǫα, ηα.
Alternatively, we can consistently replace all these indices by SO(8) vector indices
∗The right-hand sides of these equations are proportional to RI and M IJ in the supercurrent
multiplet of the η = +1 theory (5.5), respectively. It seems natural then to also assume that
DIJKL is proportional to N IJKL in (5.5).
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I, J,K, · · · = 1, 2, · · · , 8. Then, the conformal supergravity multiplet and the trans-
formation parameters become eµ
a, ψIµ, B
IJ
µ , λ
IJK , DIJKL, EIJKL and ǫI , ηI . The
truncation to N = 6 is given by setting ψI′µ = 0, BIJ ′µ = 0, λIJK ′ = 0, DIJKL′ = 0,
EIJKL
′
= 0, where I, J,K, · · · = 1, 2, · · · , 6 and I ′, J ′, K ′, · · · = 7, 8. These con-
ditions are invariant under the super and super Weyl transformations (3.3), (3.4)
when ǫI
′
= 0, ηI
′
= 0. The remaining independent fields are
eµ
a, ψIµ, B
IJ
µ , B
78
µ , λ
IJK , λI78, DIJKL, EIJKL, (6.4)
where I, J,K, · · · = 1, 2, · · · , 6. The fields DIJ78, EIJ78 are related to DIJKL, EIJKL
in (6.4) by the self-duality conditions (3.1). The SO(8) gauge transformation is
reduced to SO(6) × U(1), whose gauge fields are BIJµ and B78µ in (6.4). The fields
in (6.4) constitute the N = 6 conformal supergravity multiplet as given by the
superspace formulation [18, 17]. The N = 6 multiplet is interesting since it can
be coupled to the ABJM theory [27] of multiple M2-branes. A coupling of the
dynamical N = 6 conformal supergravity to the ABJM theory was already studied
in the on-shell component field formulation [28, 29] and in the off-shell superspace
formulation [17]. For N ≤ 4, off-shell conformal supergravities and their couplings
to matter multiplets were studied in the superspace formulation in [30]. We can use
the lower N off-shell conformal supergravity multiplets obtained by the truncations
from N = 8 to study their coupling to matter multiplets in terms of component
fields.
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A. Notations and Conventions
Three-dimensional world and local Lorentz indices are denoted by µ, ν, · · · = 0, 1, 2
and a, b, · · · = 0, 1, 2, respectively. A flat metric is ηab = diag(−1,+1,+1) and
the antisymmetric symbol ǫabc is chosen as ǫ012 = +1. Symmetrization and an-
tisymmetrization of indices with weight one are denoted as (ab · · · ) and [ab · · · ],
respectively. Three-dimensional gamma matrices are denoted by γa. Their antisym-
metrized products γab = γ[aγb], γabc = γ[aγbγc] satisfy
γabc = −ǫabc, γab = −ǫabcγc, γa = 1
2
ǫabcγbc. (A.1)
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There are three eight-dimensional representations of SO(8): a vector represen-
tation 8v, a negative chirality Weyl spinor representation 8s and a positive chiral-
ity Weyl spinor representation 8c. Indices of these representations are denoted by
I, J, · · · = 1, 2, · · · , 8; α, β, · · · = 1, 2, · · · , 8 and α˙, β˙, · · · = 1, 2, · · · , 8, respectively.
For these indices upper and lower indices are not distinguished.
B. SO(8) identities
In this Appendix we summarize some properties of the matrices ΣI and Σ¯I = (ΣI)T
introduced in (3.11). From the anti-commutation relation of the SO(8) gamma
matrices {ΓI ,ΓJ} = 2δIJ they satisfy
(ΣI)αγ˙(Σ
J)βγ˙ + (Σ
J)αγ˙(Σ
I)βγ˙ = 2δ
IJδαβ ,
(ΣI)γα˙(Σ
J)γβ˙ + (Σ
J)γα˙(Σ
I)γβ˙ = 2δ
IJδα˙β˙. (B.1)
They also satisfy
(ΣI)αα˙(Σ
I)ββ˙ + (Σ
I)αβ˙(Σ
I)βα˙ = 2δαβδα˙β˙ (B.2)
as can be shown by using the Fierz identity. Similarity of these three equations is a
consequence of the triality of three eight-dimensional representations of SO(8). We
choose sign conventions of these matrices such that
(Σ[I1)α1α˙2(Σ¯
I2)α˙2α3(Σ
I3)α3α˙4 · · · (Σ¯I8])α˙8α9 = −δα1α9ǫI1···I8 ,
(ΣI1)[α1
α˙2(ΣI2)α2
α˙2(ΣI2)α3
α˙3 · · · (ΣI5)α8]α˙5 = δI1I5ǫα1···α8 (B.3)
are satisfied.
We denote antisymmetrized products of these matrices as
ΣIJ = Σ[IΣ¯J ], ΣIJK = Σ[IΣ¯JΣK], · · · ,
Σ¯IJ = Σ¯[IΣJ ], Σ¯IJK = Σ¯[IΣJΣ¯K], · · · . (B.4)
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In general the leftmost matrix in ΣIJ ··· is ΣI while that in Σ¯IJ ··· is Σ¯I . By the first
equation of (B.3) these matrices satisfy
ΣI1···I4 = − 1
4!
ǫI1···I8ΣI5···I8,
ΣI1···I5 =
1
3!
ǫI1···I8ΣI6I7I8 ,
ΣI1···I6 =
1
2
ǫI1···I8ΣI7I8 ,
ΣI1···I7 = −ǫI1···I8ΣI8 ,
ΣI1···I8 = −ǫI1···I8 (B.5)
and similar identities for Σ¯IJ ··· with opposite signs on the right-hand sides. In
particular, ΣI1···I4 and Σ¯I1···I4 are anti self-dual and self-dual, respectively. Other
useful identities are
ΣM Σ¯M = 8, ΣMNΣMN = −56,
ΣM Σ¯IΣM = −6ΣI , ΣMNΣIΣ¯MN = −28ΣI ,
ΣM Σ¯IJΣ¯M = 4ΣIJ , ΣMNΣIJΣMN = −8ΣIJ ,
ΣM Σ¯IJKΣM = −2ΣIJK , ΣMNΣIJKΣ¯MN = 4ΣIJK ,
ΣM Σ¯IJKLΣ¯M = 0, ΣMNΣIJKLΣMN = 8ΣIJKL. (B.6)
Bilinears of two SO(1, 2) Majorana spinors ψα1 and ψ
α
2 in the representation 8s
of SO(8) have symmetries
ψ¯1ψ2 = ψ¯2ψ1, ψ¯1γ
aψ2 = −ψ¯2γaψ1,
ψ¯1Σ
IJψ2 = −ψ¯2ΣIJψ1, ψ¯1γaΣIJψ2 = ψ¯2γaΣIJψ1,
ψ¯1Σ
IJKLψ2 = ψ¯2Σ
IJKLψ1, ψ¯1γ
aΣIJKLψ2 = −ψ¯2γaΣIJKLψ1. (B.7)
The Fierz identity for spinors ψα1 , · · · , ψα4 can be written as
ψ¯1ψ2ψ¯3ψ4 = − 1
16
(
ψ¯1ψ4ψ¯3ψ2 + ψ¯1γ
aψ4ψ¯3γaψ2
)
+
1
32
(
ψ¯1Σ
IJψ4ψ¯3Σ
IJψ2 + ψ¯1γ
aΣIJψ4ψ¯3γaΣ
IJψ2
)
− 1
32 · 4!
(
ψ¯1Σ
IJKLψ4ψ¯3Σ
IJKLψ2 + ψ¯1γ
aΣIJKLψ4ψ¯3γaΣ
IJKLψ2
)
.
(B.8)
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When totally antisymmetric tensors SIJKL, S ′IJKL are self-dual and AIJKL,
A′IJKL are anti self-dual, the following identities are satisfied:
SIJKLAIJKL = 0,
SIKLMAJKLM = SJKLMAIKLM ,
SIJMNAKLMN + SKLMNAIJMN = −4
3
SMNP [IδJ ][LAK]MNP ,
SKLM(IS ′J)KLM = −1
8
δIJSKLMNS ′KLMN ,
AKLM(IA′J)KLM = −1
8
δIJAKLMNA′KLMN . (B.9)
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